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About the Hurwitz zeta function

Definition (Hurwitz zeta function)
Fors=o0+1it,0>1,0<a<1,

o) =30 ot

Remark)
@ The series converges absolutely and locally uniformly in the half-plane o > 1.

@ ((s,a) is analytically continued to the whole complex plane except for a simple pole at
s=1.
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Example)

e lfa=1

¢(s,1) = ¢(s) (Riemann zeta).

° Ifa:%,
1y =1 L=
C<S’2) “L ey S
= 2° (Zlnls _ Zl (2711)-9) = (2° — 1)¢(s).
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Zero-free region of ((s,a).

Im
1
((s,a) #0
—4at1—:1 o Re
1
Y Y A Re
A I VA

(Spira '76)

Im
¢(s,a) #0
1
¢(s,a) #0
—33 -1 @] 1+a Re
\ 1 ((s,a) #0
((s,a) £0

Karin lkeda On real zeros of the Hurwitz zeta function



Previous works (Real zero)

Outline

© Previous works (Real zero)

Karin lkeda On real zeros of the Hurwitz zeta function



Previous works (Real zero)

Previous works (Real zero)

|Existence of real zeros|

For n > 0 (n € N) we have

Bn+1(a)
((—m,a) = —————,
n+1
where By, (x) is the nth Bernoulli polynomial.
Example)
1
Bo(x) =1 Bi(x) = — -

2

1 3 1
Bo(z)=x%>—x+ = Bs(z) = % — —x? —x
2(x) +6 3(x) 2 +2

Karin lkeda On real zeros of the Hurwitz zeta function



Previous works (Real zero)

Previous works (Real zero)

|Existence of real zeros|

Theorem (Matsusaka, 2018)

Let N > 0 be an integer.

¢(o,a) has a zero in the interval (—N, —N + 1). <= Bn(a)Bn+1(a) < 0.

Note that the Hurwitz zeta function has no real zeroin o > 1

@ For example N =1

Bz(a)Bg(a)< 0
< 0.2113--- < a < 0.5, 0.7886--- < a < 1. woos
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Uniqueness of real zeros

Theorem (Endo—Suzuki, 2019, Matsusaka, 2018)
Suppose N > 5 or N = 0. If By(a)Bn+1(a) < 0, the zero of {(o,a) in the interval
(=N, —N + 1) is unique and simple.

Matsusaka, Endo—Suzuki There is no real zero

! !

Re

= O—=

4
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Theorem (1., 2023)
For 1 < N < 4, the zero of (o, a) in the interval (—N, —IN 4+ 1) is also unique and
simple If By (a)Bn+1(a) < 0.

Main result

Matsusaka Endo—Suzuki There is no real zero
\,L \ij £ »* Re

—4 0 1
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Sketch of proof

(l-a)e N B (1_
Let Hy(a,x) := £ Z Mm"_l
n=0
hn(a,z) := xz(e® — 1)Hn(a,x),

N+41
fn(a,x) := ela D2

SaNT1 hn(a,x).

7]
Then, 8—fN(a, x) has exactly one zero inz > 0.
x

= ((o,a) has a unique simple real zero in (—N, —N + 1).
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We will show
2

@fN(a, x) has either no or one real zero inx > 0.”

degree N

“ ,—ax
e

17}
Then, a—fN(a, x) has exactly one zero inx > 0.
T

Example)
o N=1
82

—ax

e ﬁfl(a,m) is linear polynomial. So, this case is trivial.
T
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82
e_‘w@fz(a, z)=0

& —a®6Bz(a) 2 —4a(9a® — 6a® — 3a + 1)z —2(18a* — 24a®* +6a+1) =0

C2(a)
1 ; g 1
1 | 1
0.15+ 1 | 1
1 | 1
010} | d :
; 1
- i : i ®,®:aB>0,a+8<0
: : ' — negative solution : 2
I
- 0):2 0:4 06 EKR\\LO ®,@: a8 <0
. ! ! ! . .
ool © ) @ i ® @\ N — positive solution : 1
1 1
—015f ' i ! negative solution : 1
1 1
! '
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@ N=3 sameas N =2 e N=4 same + «
04 -
04
0.2,
0.2
0.2 04 0B —t—wo8 0 o
-0.2
-0.2 +
-0.4
—04
—aza_zf =C 3 + 2
e P2 3(a,z) = Cs 3(a)x T e~ 8 2f4(a z) = 044(a)x +
+Cg,1 (a)x —+ 03,0(Cl) +C4!2(a)$ + C4‘,1(a)-’t+ C470(a)
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